Transition radiation from a beam of hot electrons generated in ultraintense laser plasma interaction is theoretically studied. The total radiation is separated into two parts: one is incoherent transition radiation ͑ITR͒, the other is coherent transition radiation ͑CTR͒. The spectrum of ITR just depends on the particle velocity distribution in the beam. The angular distribution of ITR varies from sin 2 , and approaches the angular distribution of the beam when the hot electron temperature increases from the nonrelativistic limit (TӶmc 2 ) to the ultrarelativistic limit (Tӷmc 2 ). The spectrum of CTR is dependent on the particle configuration as well as their velocities. Any microbunching in the beam can greatly enhance the CTR intensity at the microbunching frequency, from which the dominant heating process can be inferred. The effects of target thickness and hot electron temperature on CTR intensity are also calculated. The simplified model shows that the CTR intensity decreases with the increase of the target thickness, and increases with the hot electron temperature. The divergence of the beam can broaden the CTR spectrum.
I. INTRODUCTION
Recently, there has been an increasing interest in energetic ͑hot͒ electrons generated in ultraintense laser plasma interactions because of their many potential applications in various fields, such as plasma accelerators, 1,2 fast ignition, 3, 4 and positron-electron plasmas. 5, 6 Up to now, many heating mechanisms have been proposed for the generation of these hot electrons in laser plasma interactions: stimulated Raman scattering, 7 vacuum heating, 8 jϫB heating, 9 betatron acceleration, 10 and many others. Hot electrons have been studied by various methods: directly measuring electron energy spectra by using an electron spectrometer, 2, 11, 12 or indirectly by detecting K␣ x-ray emission, 13, 14 or bremsstrahlung x-ray emission. 14 -16 These measurements can provide valuable information on the hot electrons, such as the electron energy spectrum, electron number, and electron beam divergence. Occasionally, we need more information to confirm which heating mechanism is the dominant process in a certain experiment. The bunch form of a beam of hot electrons could be direct evidence of the dominant heating process because the hot electrons acquire characteristic microbunching in different heating process. For example, electrons are accelerated once in the forward direction in one laser circle in vacuum heating, 8 but twice in one laser circle in jϫB heating. 9 Therefore, the hot electrons generated in j ϫB heating should have a different bunch form from those produced in vacuum heating. If we can measure the microbunch of hot electrons, we can definitely know the dominant heating process. Unfortunately, the methods mentioned above cannot give us such information. In this respect, a radiation phenomenon, i.e., transition radiation, can provide an approach to the detailed measurement of hot electrons.
Transition radiation is a radiation phenomenon in which electromagnetic waves are emitted when a charged particle moves across the interface between two media with different dielectric constants. 17, 18 Transition radiation has been extensively studied by using accelerators. It has been studied in the x-ray region, [19] [20] [21] the far-infrared region, [22] [23] [24] and the optical region. 26 -28 Coherent transition radiation is more attractive because it can provide valuable detailed information on electron beams. Coherent transition radiation has been experimentally studied in the far-infrared region, [22] [23] [24] [25] and in the optical region. [27] [28] [29] By detecting coherent transition radiation, the characteristics of electron beams, such as their three-dimensional distributions and the divergence of electrons in a bunch, 24 and electron-beam microbunching, 25, 28, 29 have been measured. Very recently, Baton et al. reported their first measurement of coherent transition radiation from hot electrons generated in laser solid interactions. 30 However, hot electrons generated in laser plasma interaction have properties different from those in accelerators. Usually, the electrons in an accelerator are highly collimated and monochromatic. Hot electrons produced in laser plasma interactions have a divergence angle, and a Boltzmann energy distribution. Therefore, it is necessary to develop transition radiation theory to include the case of hot electrons. We have theoretically studied transition radiation in the condition relevant to hot electrons generated in ultraintense laser plasma interactions. 31 In that paper, we consider the case that hot electrons are collimated, and move along the target normal. In this article, we extend our previous research to more realistic conditions. For the sake of simplification, however, some physics is not included in our calculations, such as the influences of self-generated magnetic field, and small angle scattering of hot electrons inside the dense plasma. In Sec. II, we derive the formulas of transition radiation. In Secs. III and IV, we discuss the spectra of incoherent and coherent transition radiation. Finally, we draw conclusions in Sec. V.
II. EQUATIONS OF TRANSITION RADIATION
We consider transition radiation from a beam of N electrons passing through a target foil. The configuration of our calculation is shown in Fig. 1 . As seen in this figure, the rear surface of the target locates at the plane of zϭ0, and the front surface locates at the plane of zϭϪd, where d is the target thickness. The ambient is vacuum. Hot electrons generated at the front surface move from the left to the right. The origin of the coordinate system of our calculation is the point where the beam center crosses the rear surface. We decompose the particle velocity v, the particle coordinate r, and the wave vector k of the radiation into the tangential and normal components: vϭ(w,u)ϭ(v x ,v y ,v z ), rϭ(,z) ϭ(x,y,z), and kϭ(q,)ϭ(k x ,k y ,k z ). The particle moving direction and the radiation emission direction are described by the two sets of the angles, ͑⌰,⌽͒ and ͑,͒, respectively. With these angles, the particle velocity can be written as v ϭv(sin ⌰ cos ⌽,sin ⌰ sin ⌽,cos ⌰), and the wave vector of the radiation as kϭk(sin cos ,sin sin ,cos ). In what follows, we derive the formulas of the transition radiation into the vacuum (zϾ0) as hot electrons pass through the rear surface of the target.
We start our calculation from the set of the equations,
where A and are the vector and scalar potentials of the electromagnetic fields, ␦(¯) is the ␦-function, c is the light speed, t i is the time when the ith electron crosses the rear surface, v i ϭ(w i ,u i ) is the velocity of the ith electron, i is the tangential coordinate of the ith electron at the time t i , ⑀ is an operator defined by ⑀ exp(Ϫit)ϭ⑀()exp(Ϫit), 32 and ⑀͑͒ is the dielectric function of the target material. Here, we do not consider the magnetic properties of the target material, and simply set the magnetic permeability equal to 1. Since radiation field is transverse, and satisfies the dispersion relation k 2 ϭ⑀ 2 /c 2 , where is the radiation frequency, the Fourier component of an radiation field can be written as
where ẑ is the unit vector along the z-axis, ␦(k 2 Ϫ⑀ 2 /c 2 ) is the ␦-function, and E z r is the amplitude of the field. Following the method developed in Ref. 33 , we obtain E z r in the vacuum (zϾ0),
where
The energy spectrum of transition radiation into the solid angle d⍀ is then given by
where у0.
We separate the spectrum of transition radiation ͑6͒ into two parts: the spectrum of incoherent transition radiation ͑ITR͒ and the spectrum of coherent transition radiation ͑CTR͒. The former is the summation of the radiation spectra from individual particles, and the latter is governed by the interference between the radiation waves from different charges. The ITR spectrum is given by and the CTR spectrum is given by
becomes rather lengthy after substituting Eq. ͑5͒ into it. This equation can be simplified if the target is made of good conductor like aluminum and silver. In this case, we have ͉⑀͉ӷ1 in the optical and lower frequency region. Letting ͉⑀͉→ϱ, Eq. ͑4͒ is simplified,
where ␤ i ϭv i /c is the normalized particle velocity, and (⌰ i ,⌽ i ) is the particle moving direction. In the limit of ͉⑀͉→ϱ, transition radiation can be considered as the radiation due to the creation ͑annihilation͒ of an electric dipole consisting of the electron and its image charge when an electron leaves ͑impacts͒ the conductor surface. Before the discussions of transition radiation from an electron beam, we briefly discuss it from single particle. For a single electron, the transition radiation spectrum is given by
If the electron just moves in the plane perpendicular to the z-axis, i.e., ⌰ϭ90°, transition radiation vanishes. This result is natural because the electron does not cross the interface. The intensity of transition radiation becomes zero at the emission angle,
When ϭ⌽, we have 0 ϭarcsin(␤ sin ⌰). In the ultrarelativistic case, this angle approaches ⌰. In the cross plane of ϭ⌽, the intensity of transition radiation has two maxima around the angle 0 , which are located at
When ␤→1, we also have max →⌰. Therefore, transition radiation is emitted within a small angle along the direction of the moving charge in the ultrarelativistic case. In Fig. 2 , we plot in the cross plane of ϭ⌽ the angular distribution of transition radiation from a single electron with various energies, whose moving angle is (⌰,⌽)ϭ(20°,180°). As seen in this figure, the radiation vanishes near the angle of ϭ20°. And as the electron energy increases, the angles of the two maxima move towards 20°. In the nonrelativistic case, we approximately have
The radiation energy is proportional to the electron kinetic energy, and its angular distribution is described by sin 2 . This results is the same with the radiation from an electric dipole in the nonrelativistic case.
In the following two sections, we discuss the spectra of ITR and CTR based on Eqs. ͑7͒, ͑8͒, and ͑9͒.
III. INCOHERENT TRANSITION RADIATION
The ITR spectrum is the summation of radiation spectra from individual electrons. It depends only on the velocities of the electrons of concern. Since the number of hot electrons generated in ultraintense laser plasma interactions is usually very large, we can describe the hot electrons quite well with a velocity distribution function, which is defined as the average of the exact velocity distribution,
where the average ͗¯͘ is taken over physical infinitesimal volume in velocity space that still contains many electrons. The average in Eq. ͑11͒ can also be considered as an ensemble average. 34 In this case, we image that an infinite series of N-electron beams is created under identical conditions.
With the aid of the velocity distribution function, we can replace the summation in Eq. ͑7͒ with the integral, 
Substituting Eq. ͑9͒ into Eq. ͑12͒, the ITR spectrum is now given by
As seen in Eq. ͑13͒, the frequency spectrum of ITR is independent of the radiation frequency. This result means that the ITR spectrum is flat when the condition ͉⑀͉ӷ1 is satisfied. In Eq. ͑12͒, the ITR spectrum is written as a functional of the velocity distribution function of hot electrons. However, what we can measure in actual experiment is the energy distribution function.
11 Using the relation between particle velocity and energy, Eq. ͑13͒ can be written as
Ϫ1 is the electron kinetic energy normalized with mc 2 . Both simulations 9 and experiments 11 show that hot electrons generated in ultraintense laser plasma interactions have approximately a Boltzmann energy distribution, i.e.,
where T is the hot electron temperature normalized with mc 2 . Usually, the angular distribution of hot electrons is complicated. Here, for the purpose of analytical calculation, we assume that hot electron beam is symmetric about the z-axis, and diverges as cos 2 ⌰. Under these assumptions, the function f (,⌰,⌽) is given by
Substituting the distribution function ͑15͒ into Eq. ͑14͒, and integrating over ⌰ and ⌽, we obtain the angular distribution of ITR spectrum,
͑16͒
We further integrate Eq. ͑16͒ over the solid angle d⍀ in the forward half space, and then obtain the ITR energy in the frequency interval d,
The angular distribution of ITR depends on the hot electron temperature T, as seen from Eq. ͑16͒. When the temperature is extremely high, most electrons have velocities close to the light speed. Equation ͑16͒ is then dominated by the term proportional to ln͓(1ϩ␤)/(1Ϫ␤)͔. Letting ␤ϭ1 in Eq. ͑16͒, and noticing that ln͓(1ϩ␤)/(1Ϫ␤)͔Ϸ2 ln 2(1ϩ) when ␤→1, we approximately have
We can see that when Tӷ1 the angular distribution of ITR approaches cos 2 , the same with that of the electron beam. This result is quite understandable. We know from the single particle theory that transition radiation from a single charge is emitted within a small angle around the charge moving direction when the charge is ultrarelativistic. As a consequence, the angular distribution of ITR is close to that of particle beam because the ITR spectrum is the summation of transition radiation spectra from individual particles.
In the nonrelativistic case, most electrons have velocities far slower than the light speed, i.e., ␤Ӷ1. We expand the integrand in Eq. ͑16͒ in a power series of ␤, and just keep the lowest order term. We obtain
͑19͒
The angular distribution of ITR becomes sin 2 , independent of that of the hot electron beam when the beam energy is nonrelativistic.
The above discussions show that the angular distribution of ITR from a beam of electrons described by the distribution function ͑15͒ varies from sin 2 to cos 2 as the temperature increases from TӶ1 to Tӷ1. It is straightforward to imagine that the angular distribution could become flat when the temperature is appropriate. Figure 3 shows the angular distribution of the ITR from a beam of hot electrons with various temperatures. As seen from this figure, when the temperature is very low, or extremely high, the angular distribution approaches sin 2 or cos 2 , respectively, as we predict. In the temperature range from 2 MeV to 4 MeV, the angular distribution of the ITR is nearly flat.
The ITR energy increases with the increase of the temperature T. When the electron is nonrelativistic, the radiation energy from a single particle is proportional to its kinetic energy. Hence, the total radiation energy is proportional to the hot electron temperature T after averaging over the Boltzmann energy distribution. When the electrons are ultrarelativistic, the radiation energy from a single particle is a logarithm function of its energy, see Eq. ͑18͒. Hence the radiation energy increases slowly with the increase of hot electron temperature in the very high temperature region. Presented in Fig. 4 is the variation of the quantity dE ITR /Nd with the temperature T. When the temperature is 1 MeV, this quantity is about 3ϫ10 Ϫ30 erg s. Hence the average radiation energy from one electron into the solid angle ⌬⍀ and the frequency interval ⌬ is roughly given by
As an example, the radiation energy per hot electron is about 6ϫ10 Ϫ19 erg into an f/5 detection system with a 10-nm bandpass filter centering at 700 nm. This means that about 5ϫ10 6 hot electrons can generate one photon in the wavelength range of detection. The yield of ITR is very low. Hence it could be difficult to measure ITR in an experiment because other radiation process, like blackbody radiation from the heated target, may have a similar level in the wavelength of interest.
IV. COHERENT TRANSITION RADIATION
The spectrum of CTR is more complex in comparison with that of ITR. It depends not only on the particle velocities but also on the particle configuration. As we did in Sec. III, we introduce a new distribution function f (,,v), which is defined by
Substituting Eq. ͑9͒ into Eq. ͑8͒, and replacing the summation with an integral, the CTR spectrum is now given by
Generally, the integral in Eq. ͑21͒ is too complicated to calculate analytically. In the follows, we will discuss it with some assumptions for simplification.
A. A simple model
If the distribution function f (,,v) can be written as the product of two independent parts,
the CTR spectrum ͑21͒ can be written as
where ñ (,q) is the Fourier transformation of the function n(,),
We can see from Eq. ͑23͒ that the intensity of CTR could be much stronger than that of ITR in the frequency region where ñ (,q) is notably different from zero because the electron number N is usually very large. Therefore, CTR could be easily measured in an experiment. Since d 2 E ITR /dd⍀ is independent of radiation frequency under our assumption, Eq. ͑23͒ indicates that the profile of CTR spectrum is fully determined by the function where 0 is the microbunching frequency in the beam, ⌬ is the microbunching amplitude, 0 is the duration of electron pulse, and a is the beam radius. The Fourier transformation of Eq. ͑25͒ is
where ñ ᐉ () and ñ Ќ (q) are given by
As seen from Eq. ͑26͒, transition radiation is always coherent in the low frequency range that Շ 0 Ϫ1 . The intensity of CTR is also greatly enhanced near the microbunching frequency 0 . It is this property of the CTR spectrum that provides us a way to infer microbunching in hot electron beam; a sharp spike in the CTR spectrum should correspond to one microbunching frequency in the hot electron beam. The angular distribution of CTR is described by ñ Ќ (q). From Eq. ͑27͒, it is easy to see that CTR is mainly within the angle,
where ϭ2c/ is the the radiation wavelength. If the radiation wavelength is much smaller than the beam radius, this angle is very small. Unlike the angular distribution of ITR, which depends on the hot electron temperature, the angular distribution function is mainly determined by the Fourier transformation of the transverse profile of the hot electron beam. A measurement of CTR angular distribution could give an estimate of hot electron radius.
B. A more realistic model
In general, the distribution function f cannot be simply written as the form of Eq. ͑22͒. This function depends not only on the generation of hot electrons in laser plasma interaction, but also on the propagation of hot electrons in the target. To study the evolution of this function, we introduce a new distribution function defined as
͑28͒
Following the Klimontovich procedure, we can see that this distribution function should satisfy a kinetic equation with a collision term. 35 Generally, the collision term in this kinetic equation is extremely complicated because numerous scattering processes can happen when energetic electrons propagates in target. Extreme electromagnetic fields can be driven when intense electron beam propagates in dense plasma. These self-generated fields can profoundly affect the propagation of the beam, and henceforth, the spectrum of coherent transition radiation. However, the inclusion of these effects will make analytical calculation impossible. As the zeroth order approximation, we just neglect any interactions between hot electrons and target matter. In this limit, the hot electrons move freely in the target. The distribution function f (t,r,v) then satisfies the kinetic equation,
When an ultrashort laser pulse interacts with a solid target, hot electrons are generated in a very thin layer around the front surface of the target. 8 The hot electrons propagate a distance which is equal to the target thickness, and then cross the rear surface. Assuming that at tϭ0 a ␦-like electron pulse is generated at the front surface, i.e., f ͑ 0,r,v͒ϭ 1 2a
the distribution function f (t,r,v) is then given by
Noticing the relation between f (,,v) and f (t,z,,v),
we obtain f ͑ ,,v͒ϭ 1 2a 2 ␦͑Ϫd/u͒e
Substituting Eq. ͑32͒ into Eq. ͑21͒, and integrating over , we obtain
A series of electron micropulses can be generated within the duration of a laser pulse. For example, when vacuum heating takes effect, forward hot electrons are generated once in a laser circle; 8 when jϫB heating dominates, energetic electrons can be accelerated twice in a laser circle. 9 Therefore, it is reasonable to make the assumption that a series of electron micropulses is generated at tϭ 1 , 2 ,... . The time interval between two adjacent electron micropulses ϭ ␣ Ϫ ␣Ϫ1 could be a constant if only one heating process takes effect. Obviously, this time interval is determined by the heating mechanism. In the examples mentioned above, ϭ 0 /c in the vacuum heating, and ϭ 0 /2c in jϫB heating, where 0 is the incident laser wavelength. Assuming that the properties of hot electrons ͑number, temperature, etc.͒ in every micropulse are the same, and summating the contributions from all these electron micropulses, we have
where N b ϭN/⌳ is the electron number in an electron micropulse, ⌳ϭ 0 / is the total number of micropulses, and 0 is the duration of the laser pulse.
One-dimensional case
As a first step, we consider the condition that all electrons move along the z-direction. In this case, Eq. ͑33͒ becomes
͑34͒
where t 0 ϭd/c. We again assume that hot electrons have a Boltzmann energy distribution. The velocity distribution function is given by
Substituting Eq. ͑35͒ into Eq. ͑32͒, and integrating over ␤, we obtain
where the function g(,,T,d) is defined as
The CTR spectrum is determined by the Fourier transformation of the function g(,,T,d), see Eq. ͑36͒. Denoting
we can rewrite Eq. ͑36͒, 5 , in which we take ϭ10°, Tϭ1 MeV, dϭ50 m, 0 ϭ1.053 m, and ϭ 0 /c. As we expect, the CTR spectrum reaches sharp maxima at the harmonics of the frequency 0 . Since transition radiation is always coherent in the low frequency limit, the spectrum also has a maximum at ϭ0. From Fig. 5 , we can see that the intensity of the harmonics decreases very rapidly with the increase of the order l, even though we assume ␦-like electron micropulses are generated at the front surface. For example, ͉g (2 0 )͉ 2 is just about 8% of ͉g ( 0 )͉ 2 . With the inclusion of the angular distribution, the intensity of high order harmonics should decrease more rapidly because of the factor exp(Ϫq 2 a 2 ) in Eq. ͑39͒.
The CTR spectrum also depends other parameters, like the temperature T and the target thickness d, as seen in Eq. ͑37͒. Because of the finite temperature, hot electrons disperse in velocity space. The shape of electron micropulses would be broadened in configuration space due to the velocity dispersion. Therefore, the microbunching amplitude decreases as the beam propagates in the target. This can be seen more clearly from the function N(), which defined as
. ͑40͒ N() is nothing but the number of electrons crossing the rear surface in unit time. In Figs. 6͑a͒, 6͑b͒, and 6͑c͒ we plot this function for dϭ50, 100, and 200 m in the condition of T ϭ1.0 MeV. As seen in this figure, the microbunching amplitude in the electron beam decreases with the increase of the target thickness. When the hot electron temperature is higher, the microbunching amplitude should also be larger if the beam propagates the same distance. This can be seen in Figs. 6͑d͒, 6͑e͒, and 6͑f͒, in which we plot the function N() for dϭ50, 100, and 200 m, but in the condition of T ϭ2.0 MeV. The reason for this result is simple: since particle velocity cannot exceed the light speed, the electron velocity dispersion becomes smaller when the temperature becomes higher. Because of these characteristics of the function N(), it is straightforward to conclude that the CTR intensity would have the similar properties. Shown in Fig. 7 is the variation of CTR intensity at ϭ 0 with the target thickness and the temperature. As seen in this figure, the CTR decreases very rapidly with the increasing of the target thickness. When the temperature becomes higher, the intensity is also higher, and the decreasing more slowly with the target thickness.
In the above discussion, we do not consider any interactions between the hot electrons and the target material. In fact, electrons lose their energies, and change their moving directions when they interact with the target material. Low energy electrons are even stopped inside the target, and do not cross the rear surface. With inclusion of these effects, the decreasing rate of CTR intensity with target thickness should be larger than that shown in Fig. 7 , especially when the temperature is low. In the calculation, we also neglect the influence of the front surface. When the target is extremely thin, the influence of the front surface should be considered. The finite thickness effect is relevant to the so-called formation zone, which was pointed out by Garibian. 36 When the formation zone is longer than the target thickness, transition radiation from back surface is also influenced by the front surface, and the radiation energy is suppressed. Theoretical calcula- tion shows that as the target thickness approaches zero the transition radiation vanishes. 33 The effect of formation zone on transition radiation has been observed in experiment. 37 The formation zone in a medium with a dielectric constant ⑀ is given by 37 
Zϭ
where is the radiation wavelength. Since ͉⑀͉ӷ1 in the optical region for a conductor, the formation zone is much less than the radiation wavelength. In this meaning, our calculation is valid when dӷ.
Two-dimensional case
Generally, hot electron beams produced in ultraintense laser plasma interactions are not highly collimated, and present rather large divergence angles. The phase factor i(Ϫq•w) in Eq. ͑21͒ clearly shows that the main effect of beam divergence on CTR spectrum is the Doppler frequency shift because of the tangential velocity w. The CTR spectrum can be broadened due to the beam divergence. We assume that the tangential velocities of hot electrons are very slow in comparison with their longitudinal velocities. Denoting w ϭ␤ sin ⌰, and uϭ␤ cos ⌰, we expand the integrand in Eq. ͑21͒ in a power series of w, 
͑41͒
For the sake of analytical calculation, we further assume that the velocity distribution is given by
where T Ќ Ӷ1. Substituting the expansion ͑41͒ into Eq. ͑21͒, and using the formula exp͑Ϫiq•w ͒ϭ ͚ 
͑43͒
When a series of micropulses is produced at the front surface, the sharp spectral spikes shown in Fig. 5 should become broader if the beam divergence cannot be neglected. Although the result ͑43͒ is dependent of the assumption ͑42͒, the conclusion that the beam divergence can broaden the CTR spectrum does not depend on this assumption. Noticing that T Ќ is roughly the mean value of w 2 under the assumption ͑42͒, it is reasonable to rewrite Eq. ͑43͒ in a more general form,
where ͗w 2 ͘ is the mean value of w 2 .
V. CONCLUSIONS
We have discussed transition radiation from hot electrons generated in laser plasma interactions. The total radiation from a hot electron beam has been separated into two parts: incoherent transition radiation ͑ITR͒ and coherent transition radiation ͑CTR͒. The ITR spectrum just depends on the electron velocities. The CTR spectrum is dependent of the charge configurations as well as their velocities. In general, the formulas of the spectra of ITR and CTR are very complicated. For the sake of analytical calculation and simplification, some reasonable assumptions are made in the discussions. We find that the angular distribution of ITR can be rather flat in the hot electron temperature range of interest, and approaches that of the hot electron beam when the temperature T is extremely high. The yield of ITR photons is very low. It may be impossible to obtain any useful information from incoherent transition radiation because other radiation process could overwhelm it. The CTR intensity can be many orders of magnitude higher than the ITR intensity in particular wavelength region. Hence it is easier to measure CTR spectrum in an experiment. The spectrum of CTR is determined by microbunching in the hot electron beam, from which we can infer the dominant heating process in the laser plasma interaction. The simplified model shows that the intensity of CTR decreases with the increase of target thickness, and increases with the increase of hot electron temperature. Finite beam divergence can broaden the CTR spectrum.
